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Abstract
Given a connected simple graph G = (V,E), and a positive integer k, a set S ⊆ V is said
to be a k-metric generator for G if and only if for any pair of different vertices u, v ∈ V ,
there exist at least k vertices w1, w2, ..., wk ∈ S such that dG(u,wi) 6= dG(v,wi), for every
i ∈ {1, ..., k}, where dG(x, y) is the length of a shortest path between x and y. A k-metric
generator of minimum cardinality in G is called a k-metric basis and its cardinality, the
k-metric dimension of G. In this article we study the k-metric dimension of corona product
graphs G ⊙ H, where G is a graph of order n and H is a family of n non-trivial graphs.
Specifically, we give some necessary and sufficient conditions for the existence of a k-metric
basis in a connected corona graph. Moreover, we obtain tight bounds and closed formulae
for the k-metric dimension of connected corona graphs.
Keywords: k-metric generator; k-metric dimension; k-metric basis; k-metric dimensional
graphs; corona product graphs.
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1 Introduction
The concept of k-metric generator was introduced by the authors of this paper in [4] as a gen-
eralization of the standard concept of metric generator. In graph theory, the notion of metric
generator was previously given by Slater in [18, 19], where the metric generators were called locat-
ing sets, and also, independently by Harary and Melter in [7], where the metric generators were
called resolving sets. These characteristic sets were introduced in connection with the problem of
uniquely determining the location of an intruder in a network. After that, several other applica-
tions of metric generators have been presented. For instance, applications to the navigation of
robots in networks are discussed in [13], and applications to chemistry are discussed in [11, 12].
Moreover, this issue has been studied in other papers including, for instance, [2, 3, 8, 14, 21].
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For more realistic settings, k-metric generators allow to study a more general approach of
locating problems. Consider, for instance, some robots which are navigating, moving from node
to node of a network. Since on a graph there is not the concept of direction nor that of visibility,
we assume that robots have communication with a set of landmarks S (a subset of nodes), which
provides them the distance to the landmarks in order to facilitate the navigation. In this sense,
one aim is that each robot is uniquely determined by the landmarks. Suppose that in a specific
moment there are two robots x, y, whose positions are only distinguished by one landmark s ∈ S. If
the communication between x and s is “unexpectedly blocked”, then the robot x will get “lost” in
the sense that it can assume that it has the position of y. So, for security reasons, we will consider
a set of landmarks, where each pair of nodes is distinguished by at least k ≥ 2 landmarks, i.e., to
take S as a k-metric generator for k ≥ 2.
Given a simple and connected graph G = (V,E) we denote by dG(x, y) the distance between
x, y ∈ V . A set S ⊂ V is said to be ametric generator forG if for any pair of vertices x, y ∈ V there
exists s ∈ S such that dG(s, x) 6= dG(s, y) (in this case we say that the pair x, y is distinguished
by s). A minimum metric generator is a metric generator with the smallest possible cardinality
among all the metric generators for G. A minimum metric generator is called ametric basis, and its
cardinality, themetric dimension ofG, denoted by dim(G). Given S = {s1, s2, . . . , sd} ⊆ V (G), we
refer to the d-vector (ordered d-tuple) r(u|S) = (dG(u, s1), dG(u, s2), . . . , dG(u, sd)) as the metric
representation of u with respect to S. In this sense, S is a metric generator for G if and only if
for every pair of different vertices u, v of G, it follows r(u|S) 6= r(v|S).
Now, in a more general setting, given a positive integer k, a set S ⊆ V is said to be a k-metric
generator for G if and only if any pair of vertices of G is distinguished by at least k elements of
S, i.e., for any pair of different vertices u, v ∈ V , there exist at least k vertices w1, w2, ..., wk ∈ S
such that
dG(u, wi) 6= dG(v, wi), for every i ∈ {1, ..., k}. (1)
Obviously, 1-metric generators are the standard metric generators (resolving sets or locating
sets as defined in [7] or [18], respectively). By analogy to the standard case, a k-metric generator
of minimum cardinality will be called a k-metric basis of G and its cardinality, the k-metric
dimension of G, which will be denoted by dimk(G). Notice that every k-metric generator S
satisfies that |S| ≥ k and, if k > 1, then S is also a (k − 1)-metric generator.
In practice, the problem of checking if a set S is a 1-metric generator is reduced to check
condition (1) only for those vertices u, v ∈ V − S, as every vertex in S is distinguished at least
by itself. Also, if k = 2, then condition (1) must be checked only for those pairs having at most
one vertex in S, since two vertices of S are distinguished at least by themselves. Nevertheless, if
k ≥ 3, then condition (1) must be checked for every pair of different vertices of the graph.
It was shown in [20], that the problem of computing the k-metric dimension of a graph is
NP-complete (the case k = 1 was previously studied in [13]). It is therefore motivating to find the
k-metric dimension for special classes of graphs or good bounds on this invariant. Specifically, for
the case of product graphs, it would be desirable to reduce the problem of computing the k-metric
dimension of a product graph into computing the k-metric dimension of the factor graphs.
Studies about the metric dimension of product graphs were initiated in [2, 15], where several
tight bounds and closed formulae for the metric dimension of Cartesian product graphs were
presented. After that, the metric dimension of corona graphs, rooted product graphs, lexicographic
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product graphs and strong product graphs was studied in [21], [22], [10, 17] and [16], respectively.
In this work we continue with the study of the k-metric dimension of the corona product graphs.
To this end, we introduce some notation and terminology.
If two vertices u, v are adjacent in G = (V,E), then we write u ∼ v or uv ∈ E(G). Given
x ∈ V (G), we define NG(x) as the open neighborhood of x in G, i.e., NG(x) = {y ∈ V (G) : x ∼ y}.
The closed neighborhood, denoted by NG[x], equals NG(x) ∪ {x}. If there is no ambiguity, we will
simply write N(x) or N [x]. We also refer to the degree of v as δ(v) = |N(v)|. For a non-empty
set S ⊆ V (G), and a vertex v ∈ V (G), NS(v) denotes the set of neighbors that v has in S, i.e.,
NS(v) = S ∩N(v). As usual, we denote by A▽B = (A ∪ B)− (A ∩ B) the symmetric difference
of two sets A and B.
We now recall that the join graph G+H of the graphs G = (V1, E1) and H = (V2, E2) is the
graph with vertex set V (G+H) = V1∪V2 and edge set E(G+H) = E1∪E2∪{uv : u ∈ V1, v ∈ V2}.
Let G be a graph of order n and let H = {H1, H2, ..., Hn} be a family of graphs. The corona
product graph G⊙H is defined as the graph obtained from G and H by taking one copy of G and
joining by an edge each vertex of Hi with the i
th-vertex of G, [6]. Notice that the particular case
of corona graph K1 ⊙H is isomorphic to the join graph K1 +H . From now on we will denote by
V = {v1, v2, . . . , vn} the set of vertices of G and by Hi = (Vi, Ei) the graphs belonging to H. So
the vertex set of G ⊙H is V (G ⊙H) = V ∪ (
⋃n
i=1 Vi). Also, the order of the graph Hi ∈ H will
be denoted ni. In particular, if every Hi ∈ H holds that Hi ∼= H , then we will use the notation
G⊙H instead of G⊙H. In this work, the remaining definitions will be given the first time that
the concept appears in the text.
Several results about the k-metric dimension of corona product graphs, G⊙H, where at least
one graph belonging to H is trivial, are presented in [5]. Thus, the aim of this paper is to study
the case where all graphs belonging to H are non-trivial.
The paper is organized as follows: in Section 2 we give some necessary and sufficient conditions
for the existence of a k-metric basis for an arbitrary connected corona graph G ⊙ H. So, we
determine the range of possible values for k, where dimk(G ⊙ H) makes sense. In Section 3 we
obtain tight bounds and closed formulae for the k-metric dimension of corona graphs where the
values of k cover the range stated in Section 2.
2 k-metric dimensional corona graphs
A connected graph G is said to be a k′-metric dimensional graph if k′ is the largest integer such
that there exists a k′-metric basis [4]. Notice that if G is a k′-metric dimensional graph, then for
each positive integer k ≤ k′, there exists at least one k-metric basis for G, i.e., dimk(G) makes
sense for k ∈ {1, ..., k′}. Since for every pair of vertices x, y of a graph G, we have that they
are distinguished at least by themselves, it follows that the whole vertex set V (G) is a 2-metric
generator for G and, as a consequence, it follows that every graph G is k′-metric dimensional for
some k′ ≥ 2. On the other hand, for any connected graph G of order n > 2, there exists at least
one vertex v ∈ V (G) such that δ(v) ≥ 2. Since v does not distinguish any pair x, y ∈ NG(v), there
is no n-metric dimensional graph of order n > 2.
We first present a characterization of k-metric dimensional graphs obtained in [4]. To do so,
we need some additional terminology. Given two vertices x, y ∈ V (G), we say that the set of
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distinctive vertices of x, y is
DG(x, y) = {z ∈ V (G) : dG(x, z) 6= dG(y, z)}
and, the set of non-trivial distinctive vertices of x, y is
D∗G(x, y) = DG(x, y)− {x, y}.
Theorem 1. [4] A connected graph G is k-metric dimensional if and only if k = min
x,y∈V (G)
{|DG(x, y)|}.
Two vertices x, y are called false twins if N(x) = N(y), and x, y are called true twins if
N [x] = N [y]. Two vertices x, y are twins if they are false twin vertices or true twin vertices.
Notice that two vertices x, y are twins if and only if D∗G(x, y) = ∅, i.e., DG(x, y) = {x, y}. We also
say that a vertex x is a twin, if there exists other vertex y such that x, y are twins.
Corollary 2. [4] A connected graph G of order n ≥ 2 is 2-metric dimensional if and only if G
has twin vertices.
If there exists a graph Hi ∈ H such that Hi has twin vertices, then it follows that for any
graph G, the corona graph G ⊙ H has twin vertices. Also notice that any two vertices of G are
not twins in G⊙H. Therefore, according to Corollary 2 we deduce the following result.
Remark 3. For any connected graph G of order n and any family H composed by n connected
non-trivial graphs, the corona graph G ⊙ H is 2-metric dimensional if and only if there exists a
2-metric dimensional graph Hi ∈ H.
Corollary 4. Let G be a connected graph. Then,
(i) For n ≥ 2, the graph G⊙Kn is 2-metric dimensional.
(ii) The graphs G⊙ P3 and G⊙ C4 are 2-metric dimensional.
2.1 k-metric dimensional graphs of the form G⊙H, where G 6∼= K1.
Given a connected non-trivial graph H , we define
C(H) = min
x,y∈V (H)
{|NH(x)▽NH(y) ∪ {x, y}|}.
According to that notation, for a family of connected non-trivial graphs H, we define
C(H) = min
Hi∈H
{C(Hi)}.
Theorem 5. Let G be a connected non-trivial graph of order n and let H be a family of n non-
trivial graphs. Then, G⊙H is k-metric dimensional if and only if k = C(H).
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Proof. We claim that C(H) = min
x,y∈V (G⊙H)
{|DG⊙H(x, y)|}. Notice that, for every u, v ∈ V (Hi), we
have that |NHi(u)▽NHi(v)| ≤ |V (Hi)|. Let x, y be two different vertices of G ⊙ H. We consider
the following cases.
Case 1. If x ∈ Vi and y ∈ Vj, i 6= j, then DG⊙H(x, y) =
⋃
vl∈DG(vi,vj)
(Vl ∪ {vl}).
Case 2. If x, y ∈ V , then we assume that x = vi and y = vj . So, it follows that DG⊙H(x, y) =⋃
vl∈DG(vi,vj)
(Vl ∪ {vl}).
Case 3. If x ∈ Vi and y ∈ V , then y = vj for some j ∈ {1, ..., n} and we consider the follow-
ing. If j = i, then DG⊙H(x, y) = V (G⊙H)−NHi(x). Now, if j 6= i, then we have DG⊙H(x, y) ⊇ Vj .
Case 4. If x, y ∈ Vi, then DG⊙H(x, y) = (NHi(x)▽NHi(y)) ∪ {x, y}.
Now, notice that from Cases 1, 2 and 3, |DG⊙H(x, y)| ≥ min
Hi∈H
{|Vi|} ≥ min
Hi∈H
{C(Hi)} = C(H).
Also, in Case 4, for every x, y ∈ Vi we have that |DG⊙H(x, y)| = |(NHi(x)▽NHi(y)) ∪ {x, y}| ≥
min
Hj∈H
{C(Hj)} = C(H). Thus,
C(H) ≤ min
x,y∈V (G⊙H)
{|DG⊙H(x, y)|}.
On the other hand, we consider the following.
min
x,y∈V (G⊙H)
{|DG⊙H(x, y)|} ≤ min
x,y∈V (G⊙H)−V (G)
{|DG⊙H(x, y)|}
≤ min
Hi∈H
{min
x,y∈Vi
{|DG⊙H(x, y)|}}
= min
Hi∈H
{min
x,y∈Vi
{|NHi(x)▽NHi(y) ∪ {x, y}|}}
= min
Hi∈H
{C(Hi)}
= C(H).
Therefore C(H) = min
x,y∈V (G⊙H)
{|DG⊙H(x, y)|} and, by Theorem 1, we conclude the proof.
Notice that if every Hi ∈ H satisfies that Hi ∼= H , then C(H) = C(H). Thus, the following
result follows from Theorem 5.
Corollary 6. Let G and H be two connected non-trivial graphs. Then G⊙H is k-metric dimen-
sional if and only if k = C(H).
According to Theorem 5, if the corona graph G⊙H is k-metric dimensional, then the value
of k is independent from the connected non-trivial graph G. Moreover, for any x, y ∈ Vi it holds
DHi(x, y) ⊇ (NHi(x)▽NHi(y)) ∪ {x, y}. Therefore, by Theorems 1 and 5 we deduce the following
result.
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Proposition 7. Let G⊙H be a k-metric dimensional graph such that G is a connected non-trivial
graph and H = {H1, H2, ..., Hn} is a family of connected non-trivial graphs, where Hi is ki-metric
dimensional for i ∈ {1, ..., n}. Then the following assertions hold:
(i) k ≤ min
i∈{1,...,n}
{ki}.
(ii) k = kj if and only if min
i∈{1,...,n}
{C(Hi)} = min
x,y∈Vj
{|DHj(x, y)|}.
(iii) If k = kj, then C(Hj) = min
x,y∈Vj
{|DHj(x, y)|}.
If a graph H has diameter D(H) ≤ 2, then for every x, y ∈ V (H) it holds DH(x, y) =
NH(x)▽NH(y) ∪ {x, y}. Thus, the following result is deduced.
Corollary 8. Let G ⊙ H be a k-metric dimensional graph where G is a connected non-trivial
graph and H = {H1, H2, ..., Hn} is a family of graphs such that Hi is ki-metric dimensional and
D(Hi) ≤ 2, for every i ∈ {1, ..., n}. Then k = min
i∈{1,...,n}
{ki}.
The girth g(H) of a graphH is the length of a shortest cycle contained inH . Now, if g(H) ≥ 5,
then for every x, y ∈ V (H) we have that either |NH(x) ∩ NH(y)| = 1 or |NH(x) ∩ NH(y)| = 0.
Hence, it follows that the next result as a consequence of Theorem 5.
Corollary 9. Let G be a connected non-trivial graph of order n and let H = {H1, H2, ..., Hn} be
a family of δ-regular graphs where g(Hi) ≥ 5, for every i ∈ {1, ..., n}. Then G⊙H is a 2δ-metric
dimensional graph.
We would point out the following particular case of Corollary 9.
Remark 10. Let G be a connected non-trivial graph. Then, for n ≥ 5, the graph G ⊙ Cn is
4-metric dimensional.
An end-vertex of a graph H is a vertex of degree one and a support vertex is a vertex that
is adjacent to an end-vertex. If x ∈ V (H) is an end-vertex and y ∈ V (H) is a support vertex of
degree two which is adjacent to x, then |NH(x)▽NH(y)∪{x, y}| = 3. Thus, from Corollary 2 and
Theorem 5 we deduce the following result.
Proposition 11. Let G be a connected non-trivial graph of order n and let H be a family of n
connected non-trivial graphs such that no graph belonging to H has twin vertices. If there exists
H ∈ H, having an end-vertex whose support vertex has degree two, then G ⊙ H is a 3-metric
dimensional graph.
An interesting particular case of the result above is when the family H contains a path Pr of
order r ≥ 4 and no graph belonging to H has twin vertices. In such a case G ⊙ H is a 3-metric
dimensional graph.
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2.2 k-metric dimensional graphs of the form K1 +H
Proposition 12. Let H be a graph of order n′ ≥ 2 and maximum degree ∆(H). The graph K1+H
is k-metric dimensional if and only if k = min{C(H), n′ −∆(H) + 1}.
Proof. Let v be the vertex of K1. Now, let x, y be two different vertices of K1+H . If x, y ∈ V (H),
then DK1+H(x, y) = NH(x)▽NH(y) ∪ {x, y}. If x = v and y ∈ V (H), then DK1+H(x, y) =
(V (H)−NH(y)) ∪ {x}. Therefore, by Theorem 1, the result follows.
We next point out some consequences of Proposition 12.
Corollary 13. Let H be a non-trivial graph. If H is k-metric dimensional and K1+H is k
′-metric
dimensional, then k′ ≤ k.
Proof. By Proposition 12 we have that if K1+H is a k
′-metric dimensional graph, then k′ ≤ C(H).
Since, for any x, y ∈ V (H) we have DH(x, y) ⊇ NH(x)▽NH(y) ∪ {x, y}, we deduce that if H is
k-metric dimensional, then C(H) ≤ k and, as a consequence, k′ ≤ k.
Corollary 14. For any connected graph H of order n′ ≥ 2 and maximum degree n′− 1, the graph
K1 +H is 2-metric dimensional.
Notice that the corollary above may be also derived from Corollary 2.
Corollary 15. Let H be a connected graph of order n′ ≥ 4 and maximum degree n′−2. If H does
not contain twin vertices, then K1 +H is 3-metric dimensional.
Proof. SinceH does not contain twin vertices, for every x, y ∈ V (H) there exists z ∈ V (H)−{x, y}
such that z ∈ N(x)▽N(y). Thus, C(H) ≥ 3. Now, since n′−∆(H) + 1 = 3, by Proposition 12 we
can deduce the result.
The wheel graph W1,n is the join graph K1 + Cn and the fan graph F1,n is the join graph
K1 + Pn.
Corollary 16. For any n ≥ 4, the fan graph F1,n is 3-metric dimensional, and for any n ≥ 5, the
wheel graph W1,n is 4-metric dimensional.
By Corollary 6 and Proposition 12 we deduce the following remark.
Remark 17. Let G be a connected graph of order n ≥ 2 and let H be a family of n non-trivial
connected graphs. If for every Hi ∈ H the graph K1 +Hi is ki-metric dimensional and G⊙H is
k-metric dimensional, then k ≥ min
i∈{1,...,n}
{ki}.
We conclude this section with a property on the (n′ −∆(H) + 1)-metric bases of K1 +H .
Proposition 18. Let H be a non-trivial graph of order n′. If K1 +H is (n
′ −∆(H) + 1)-metric
dimensional, then the vertex of K1 belongs to every (n
′ −∆(H) + 1)-metric basis of K1 +H.
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Proof. Let v be the vertex of K1. Notice that for every x ∈ V (H), we have
DK1+H(x, v) = (V (H)−NH(x)) ∪ {v}.
For every x ∈ V (H) such that NH(x) = ∆(H) we have that n
′ −∆(H) + 1 = | (V (H)−N(x)) ∪
{v}| = |DK1+H(x, v)|. Thus, for any (n
′ − ∆(H) + 1)-metric basis B we have DK1+H(x, v) ⊆ B
and, since v ∈ DK1+H(x, v), we conclude that v ∈ B.
By Proposition 18 we deduce that if the vertex of K1 does not belong to any k-metric basis
of K1 +H , then K1 +H is not (n
′ −∆(H) + 1)-metric dimensional. Thus, by Proposition 12 we
obtain the following result.
Lemma 19. Let H be a non-trivial graph. If the vertex of K1 does not belong to any k-metric
basis of K1 +H, then K1 +H is C(H)-metric dimensional.
3 The k-metric dimension of corona product graphs
Once we have presented several results on k-metric dimensional corona graphs, in this section we
compute or bound the k-metric dimension of corona graphs. To do so, we need to introduce the
necessary terminology and some useful tools like the following straightforward lemma.
Lemma 20. Let G be a connected graph and let x, y ∈ V (G). If B is a k-metric basis of G and
|DG(x, y)| = k, then DG(x, y) ⊆ B.
Given a k-metric dimensional graph G, we define Dk(G) as the set obtained by the union of
the sets of distinctive vertices DG(x, y) whenever |DG(x, y)| = k, i.e.,
Dk(G) =
⋃
|DG(x,y)|=k
DG(x, y).
Corollary 21. Let G be a k-metric dimensional graph. For any k-metric basis B of a graph G it
holds Dk(G) ⊆ B.
Theorem 22. [4] Let G be a k-metric dimensional graph of order n. Then dimk(G) = n if and
only if V (G) = Dk(G).
Corollary 23. [4] Let G be a connected graph of order n ≥ 2. Then dim2(G) = n if and only if
every vertex is a twin.
Lemma 24. Let G = (V,E) be a connected graph of order n ≥ 2 and let H = {H1, H2, ..., Hn}
be a family of connected non-trivial graphs. If G⊙H is k′-metric dimensional, then the following
assertions hold for any k ∈ {1, ..., k′}.
(i) If u, v ∈ Vi, then dG⊙H(u, x) = dG⊙H(v, x) for every vertex x of G⊙H not belonging to Vi.
(ii) If S is a k-metric generator for G⊙H, then |Vi ∩ S| ≥ k for every i ∈ {1, . . . , n}.
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(iii) If S is a k-metric basis of G⊙H, then V ∩ S = ∅.
(iv) If S is a k-metric generator for G ⊙ H, then for every i ∈ {1, . . . , n}, the set S ∩ Vi is a
k-metric generator for Hi.
Proof. (i) It is straightforward.
(ii) Let S be a k-metric generator for G⊙H. Then for any pair of vertices x, y ∈ Vi there exist
at least k vertices u ∈ S such that dG⊙H(x, u) 6= dG⊙H(y, u). Thus, by (i) it follows that
|S ∩ Vi| ≥ k.
(iii) Let S be a k-metric basis of G⊙H. We will show that S ′ = S − V is a k-metric generator
for G⊙H. Now, let x, y be two different vertices of G⊙H. We have the following cases.
Case 1: x, y ∈ Vi. Since S is a k-metric basis, by (i) we conclude that |DG⊙H(x, y)∩S
′| ≥ k.
Case 2: x ∈ Vi and y ∈ Vj, i 6= j. Notice that for every v ∈ Vi ∩ S
′, we have that
dG⊙H(x, v) ≤ 2 < 3 ≤ dG⊙H(y, v). Since |Vi∩S
′| ≥ k, we conclude that |DG⊙H(x, y)∩S
′| ≥ k.
Case 3: x, y ∈ V . Let x = vi. Notice that for every v ∈ Vi ∩ S
′ we have that dG⊙H(x, v) =
1 < 1+dG⊙H(y, x) = dG⊙H(y, v). Since |Vi∩S
′| ≥ k, we conclude that |DG⊙H(x, y)∩S
′| ≥ k.
Case 4: x ∈ Vi and y ∈ V . If x ∼ y, then y = vi. Let vj ∈ V , j 6= i. Notice that for every
v ∈ Vj ∩S
′ we have that dG⊙H(x, v) = 1+dG⊙H(y, v) > dG⊙H(y, v). Now, if x 6∼ y = vl, then
for every v ∈ Vl ∩ S
′ it follows dG⊙H(x, v) = dG⊙H(x, y) + dG⊙H(y, v) > dG⊙H(y, v). Since
|Vj ∩ S
′| ≥ k and |Vl ∩ S
′| ≥ k, any of the choices above implies that |DG⊙H(x, y) ∩ S
′| ≥ k.
Therefore, S ′ is a k-metric generator for G ⊙ H. Since S is a k-metric basis of G ⊙ H, we
obtain that V ∩ S = ∅.
(iv) Let S be a k-metric generator forG⊙H, and let Si = S∩Vi. By (i) we deduce that for any pair
of vertices x, y ∈ Vi it holds that |DG⊙H(x, y) ∩ Si| ≥ k. Since DG⊙H(x, y) ∩ Si ⊆ DHi(x, y),
we conclude that Si is a k-metric generator for Hi.
3.1 The k metric dimension of G⊙H, where G and the graphs belong-
ing to H are non-trivial.
Our first result is obtained as a consequence of Lemma 24 (iii) and (iv).
Theorem 25. Let G be a connected graph of order n ≥ 2 and let H be a family of connected
non-trivial graphs. If G⊙H is k′-metric dimensional, then for every k ∈ {1, ..., k′},
n∑
i=1
dimk(Hi) ≤ dimk(G⊙H) ≤
n∑
i=1
|Vi|.
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Our next result is a direct consequence of combining the lower and upper bounds of Theorem
25.
Corollary 26. Let G be a connected graph of order n ≥ 2 and let H be a family of connected
non-trivial graphs. If G⊙H is k-metric dimensional and dimk(Hi) = |Vi| for every graph Hi ∈ H,
then
dimk(G⊙H) =
n∑
i=1
|Vi|.
P4 and C6 are two examples for the graph H satisfying the conditions of Corollary 26. Notice
that G⊙ P4 is 3-metric dimensional and dim3(P4) = 4. Also, G⊙C6 is 4-metric dimensional and
dim4(C6) = 6. Therefore, the next result is a particular case of Corollary 26.
Remark 27. For any non-trivial graph G of order n, dim3(G⊙P4) = 4n and dim4(G⊙C6) = 6n.
Theorem 28. Let G be a connected graph of order n ≥ 2, and let H be a family of connected
non-trivial graphs. Then, every Hi ∈ H is composed by twin vertices if and only if
dim2(G⊙H) =
n∑
i=1
|Vi|.
Proof. Suppose that every Hi ∈ H is formed by twin vertices. By Corollary 23, we deduce that
every Hi ∈ H holds that dim2(Hi) = |Vi|. So, by Corollary 26 we conclude that dim2(G⊙H) =∑n
i=1 |Vi|.
Conversely, assume that dim2(G ⊙ H) =
∑n
i=1 |Vi|. We proceed by contradiction. Suppose
that there exists x ∈ Vi such that for every y ∈ W = Vi − {x} it holds NHi(x) 6= NHi(y). In such
a case, |Vi| ≥ 3 and since Hi is connected, for every y ∈ W we have the following.
• If y ∼ x, then |NHi(x)▽NHi(y)− {x}| ≥ 2 and, as a consequence, |DG⊙H(x, y) ∩W | ≥ 2.
• If y 6∼ x, then |NHi(x)▽ NHi(y)| ≥ 1 and also y distinguishes the pair x, y. Thus, again,
|DG⊙H(x, y) ∩W | ≥ 2.
Now, we take S as a 2-metric basis of G ⊙ H. By Lemma 24 (iii) we have that S ∩ V = ∅ and,
consequently, for any j ∈ {1, ..., n} we have S ∩ Vj = Vj . Also, by Lemma 24 (i), every pair of
vertices of Hj is only distinguished by vertices of Hj. Therefore, S
′ =W ∪
(⋃
j 6=i Vj
)
is a 2-metric
generator for G⊙H and |S ′| <
∑n
i=1 |Vi| = dim2(G⊙H), which is a contradiction.
Next we present another case where the lower bound of Theorem 25 is achieved.
Theorem 29. Let G be a connected graph of order n ≥ 2 and let H be a family of n non-trivial
graphs such that every Hi ∈ H is ki-metric dimensional and D(Hi) ≤ 2. If k
′ = min
i∈1,...,n
{ki}, then
for every k ∈ {1, ..., k′},
dimk(G⊙H) =
n∑
i=1
dimk(Hi).
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Proof. Let k ∈ {1, ..., k′} and let Si ⊆ Vi be a k-metric basis of Hi. We will show that S =
⋃n
i=1 Si
is a k-metric generator for G⊙H. Let us consider two different vertices x, y of G⊙H. We have
the following cases.
Case 1: x, y ∈ Vi. Since Si is a k-metric basis of Hi, we have that |DHi(x, y) ∩ Si| ≥ k. Also, if
D(Hi) ≤ 2, then for every a, b ∈ Vi, we have that dHi(a, b) = dG⊙H(a, b). Now, since no vertex
u ∈ V (G⊙ H) − Vi distinguishes the pair x, y, we conclude that DHi(x, y) = DG⊙H(x, y). Thus,
we obtain that |DG⊙H(x, y) ∩ S| ≥ k.
Case 2: x ∈ Vi and y ∈ Vj, i 6= j. For every v ∈ Si we have d(x, v) ≤ 2 < 3 ≤ d(y, v).
Since |Si| ≥ k, we conclude that |DG⊙H(x, y) ∩ S| ≥ k.
Case 3: x, y ∈ V . Assume x = vi. Hence, for every v ∈ Si, we have d(x, v) = 1 < d(y, x) + 1 =
d(y, v). Again, as |Si| ≥ k, we obtain that |DG⊙H(x, y) ∩ S| ≥ k.
Case 4: x ∈ Vi and y ∈ V . If y = vi, then for every v ∈ Sj , with j 6= i, it follows that
d(x, v) = 1 + d(y, v) > d(y, v). Now, if y = vl, l 6= i, then for every v ∈ Sl, we have
d(x, v) = d(x, y) + d(y, v) > d(y, v). Finally, since |Sj| ≥ k and |Sl| ≥ k, both possibilities
lead to |DG⊙H(x, y) ∩ S| ≥ k.
Thus, for every pair of different vertices x, y ∈ V (G⊙H), we have that |DG⊙H(x, y)∩S| ≥ k.
So, S is a k-metric generator forG⊙H and, as a consequence, dimk(G⊙H) ≤ |S| =
∑n
i=1 dimk(Hi).
The proof is completed by the lower bound of Theorem 25.
We must point out that Theorems 25 and 29 are generalizations of previous results established
in [21] for the case k = 1.
Notice that there are values for dimk(G ⊙ H) non achieving the bounds given in Theorem
25. For instance, if there exists a k-metric basis S of G ⊙ H and a graph Hi ∈ H such that
dimk(Hi) < |S ∩ Vi| < |Vi|, then by Lemma 24 (iii) and (iv) we conclude
n∑
i=1
dimk(Hi) < dimk(G⊙H) <
n∑
i=1
|Vi|.
The results given in Proposition 41 show some examples for the observation above.
3.2 The k-metric dimension of K1 +H and its role in the study of the
k-metric dimension of G⊙H
Remark 30. Let H be a non-trivial graph. If B is a k-metric basis of K1 +H, then B ∩ V (H)
is a k-metric generator for H.
Proof. Let B be a k-metric basis of K1+H . Since the vertex of K1 is adjacent to every vertex of
H , for every x, y ∈ V (H), we have |B ∩ (NH(x)▽NH(y) ∪ {x, y}) | ≥ k and, as a consequence,
|B ∩ DH(x, y)| ≥ k. Therefore, B ∩ V (H) is a k-metric generator for H .
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Corollary 31. Let H be a non-trivial graph. If K1 + H is a k
′-metric dimensional graph, then
for every k ∈ {1, . . . , k′},
dimk(H) ≤ dimk(K1 +H).
Given a k′-metric dimensional graph K1 + H and an integer k ∈ {1, . . . , k
′}, we define the
following binary function.
f(H, k) =


0 if the vertex of K1 does not belong to any k-metric basis of K1 +H ,
1 if there exists a k-metric basis S of K1 +H containing the vertex of K1.
Theorem 32. Let G be a connected graph of order n ≥ 2 and let H be a family of n non-trivial
graphs such that for every Hi ∈ H, the graph K1+Hi is ki-metric dimensional. If k
′ = min
i∈{1,...,n}
{ki},
then for any k ∈ {1, ..., k′},
dimk(G⊙H) ≤
n∑
i=1
(dimk(K1 +Hi)− f(Hi, k)) .
Proof. Let V (G) = {v1, v2, ..., vn} be the vertex set of G. Now, for every vi ∈ V (G), let Bi be a
k-metric basis of 〈vi〉 +Hi containing vi if possible. Let B
′
i = Bi − {vi} (notice that if for some
l ∈ {1, ..., n}, the vertex vl does not belong to any k-metric basis of 〈vl〉 + Hl, then B
′
l = Bl).
From Remark 30, we have that B′i is a k-metric generator for Hi. Thus, |B
′
i| ≥ k. We will show
that B =
⋃n
i=1B
′
i is a k-metric generator for G⊙H. We consider the following cases for any pair
of different vertices x, y ∈ V (G⊙H).
Case 1: x, y ∈ Vi. Since no vertex outside of Vi distinguishes x, y, we have that |B
′
i∩DG⊙H(x, y)| =
|B′i| ≥ k and, consequently, |B ∩ DG⊙H(x, y)| ≥ k.
Case 2: x ∈ Vi and y ∈ Vj, i 6= j. For every v ∈ B
′
i, we have that dG⊙H(x, v) ≤ 2 < 3 ≤ dG⊙H(y, v).
Thus, B′i ⊂ DG⊙H(x, y) and, since |B
′
i| ≥ k, we conclude that |B ∩ DG⊙H(x, y)| ≥ k.
Case 3: x, y ∈ V . Suppose now that x = vi. In this case for every v ∈ B
′
i we have that
dG⊙H(x, v) = 1 < dG⊙H(y, x) + 1 = dG⊙H(y, v). Hence, B
′
i ⊂ DG⊙H(x, y) and, since |B
′
i| ≥ k, we
conclude that |B ∩ DG⊙H(x, y)| ≥ k.
Case 4: x ∈ Vi and y ∈ V . If y = vi, then for every v ∈ B
′
j , with j 6= i, we have dG⊙H(x, v) =
1 + dG⊙H(y, v) > dG⊙H(y, v). Thus, B
′
j ⊂ DG⊙H(x, y) and, since |B
′
j | ≥ k, we conclude that
|B ∩ DG⊙H(x, y)| ≥ k. Now, let us assume that y = vj , with j 6= i. In this case for every v ∈ B
′
j
we have that dG⊙H(x, v) = dG⊙H(x, y) + dG⊙H(y, v) > dG⊙H(y, v). So, B
′
j ⊂ DG⊙H(x, y) and, as
|B′j | ≥ k, we conclude that |B ∩ DG⊙H(x, y)| ≥ k.
Therefore, B is a k-metric generator for G⊙H and, as a consequence,
dimk(G⊙H) ≤ |B| =
n∑
i=1
|B′i| =
n∑
i=1
(dimk(〈vi〉+Hi)− f(Hi, k)) .
Since 〈vi〉+Hi ∼= K1 +Hi, the proof is complete.
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To see that the equality in Theorem 32 is attained, we take a family H such that for every
Hi ∈ H the graph K1+Hi is k-metric dimensional and dimk(Hi) = |Vi|. In such a situation, since
the vertex of K1 does not distinguish any pair of vertices belonging to Vi, we have that either
dimk(K1 + Hi) = |Vi|, in which case the vertex of K1 does not belong to any k-metric basis of
K1+Hi, or dimk(K1+Hi) = |Vi|+1, in which case the vertex of K1 belongs to any k-metric basis
of K1 +Hi. Thus, Theorem 32 leads to dimk(G⊙H) ≤
∑n
i=1 |Vi|. As shown in Corollary 26, the
equality is attained. For instance, we can take k = 2 and every Hi = Kr, where r ≥ 2, or k = 3
and every Hi = P4, or k = 4 and every Hi = C5.
Since for any x, y ∈ V (H) it holds NH(x)▽NH(y) = NH¯(x)▽NH¯(y), where H¯ denotes the
complement of graph H , we deduce that (NH(x)▽NH(y)) ∪ {x, y} = (NH¯(x)▽NH¯(y)) ∪ {x, y}.
Therefore, the next result is deduced.
Lemma 33. Let H be a non-trivial graph such that the vertex of K1 does not belong to any k-
metric basis of K1+H. Any k-metric basis of K1+H is k-metric basis of K1+ H¯ and, therefore
dimk(K1 +H) = dimk(K1 + H¯).
By Corollary 16 the wheel graph K1+Cr = W1,r is 4-metric dimensional for r ≥ 7. Therefore,
the next lemma makes only sense for k ≤ 4. We do not consider the case k = 1, since it has been
previously studied in [1].
Lemma 34. Let Cr be a cycle graph of order r ≥ 7, and let k ∈ {2, 3, 4}. If there exists S ⊆ V (Cr)
such that |DW1,r(x, y) ∩ S| ≥ k for every x, y ∈ V (Cr), then |S| ≥ k + 2.
Proof. Let V (Cr) = {u0, u2, ..., ur−1} be the vertex set of the cycle Cr. The subscripts of ui ∈
V (Cr) will be taken modulo r. Notice that DW1,r(ui, ui+1) = {ui−1, ui, ui+1, ui+2}.
We first consider the case r ≥ 8. Since DW1,r(ui, ui+1)∩DW1,r(ui+4, ui+5) = ∅, |DW1,r(ui, ui+1)∩
S| ≥ k and |DW1,r(ui+4, ui+5) ∩ S| ≥ k, we deduce that |S| ≥ 2k. Thus, for k ≥ 2 we have that
|S| ≥ k + 2.
We now consider the case r = 7. Since DW1,r(ui, ui+1) ∩ DW1,r(ui+4, ui+5) = {ui+6}, in this
case we have |S| ≥ 2k − 1. So for k ∈ {3, 4} it holds |S| ≥ k + 2. Now we take k = 2.
Suppose that |S| = 3. If S is composed by non-consecutive vertices, say S = {ui, ui+2, ui+4}, then
|DW1,r(ui+4, ui+5)∩S| = 1, which is a contradiction. If there are two consecutive vertices in S, say
ui, ui+1 ∈ S, then |DW1,r(ui+3, ui+4) ∩ S| ≤ 1, which is a contradiction. Hence, |S| ≥ 4 and, as a
consequence, for k = 2 we have that |S| ≥ k + 2.
In order to present our next result, we need to introduce a new notation. Given a family of
graphs H = {H1, . . . , Hn}, we define H as the family of the complement graphs of each Hi ∈ H,
i.e., H = {H1, . . . , Hn}.
Theorem 35. Let G be a connected graph of order n ≥ 2 and let H be a family of n connected
non-trivial graphs. If for every Hi ∈ H it holds D(Hi) ≥ 6 or Hi is a cycle graph of order greater
than or equal to seven, then for any k ∈ {1, . . . , C(H)},
dimk(G⊙H) = dimk(G⊙H) =
n∑
i=1
dimk(K1 +Hi).
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Proof. The case k = 1, where every Hi is isomorphic to a fixed graph H , was studied in [21].
Moreover, the procedure to prove the case when k = 1 and H contains at least two non-isomorphic
graphs, is quite similar to the one presented in [21]. Hence, from now on we assume that k ≥ 2.
By Remark 17, if for every Hi ∈ H of order ni, the graph K1 +Hi is ki-metric dimensional,
then for k ∈ {1, . . . ,mini∈{1,...,n}{ki}} there exist k-metric bases of G ⊙ H. By Lemma 19 and
Proposition 36, we deduce that C(H) = mini∈{1,...,n}{ki}.
Let S be a k-metric basis of G ⊙ H. We will show that Si = S ∩ Vi is a k-metric generator
for 〈vi〉 +Hi. Notice that by Lemma 24, for every x, y ∈ Vi we have that |Si ∩ D〈vi〉+Hi(x, y)| =
|Si ∩ DG⊙H(x, y)| ≥ k. Now we differentiate two cases in order to show that for every x ∈ Vi it
holds |Si ∩ D〈vi〉+Hi(x, vi)| ≥ k.
Case 1: Hi is a cycle graph of order n
′ ≥ 7. Since n′ ≥ 7, by Lemma 34, we have that
|Si| ≥ k + 2. Notice that for any x ∈ Vi there exist exactly two vertices y, z ∈ Vi such that
dHi(x, y) = dHi(x, z) = 1. Since |Si| ≥ k + 2, for every x ∈ Vi we have that there exist at least
k elements u of Si such that dHi(u, x) > 1, and as a consequence, d〈vi〉+Hi(u, x) = 2. Hence,
|Si ∩ D〈vi〉+Hi(x, vi)| ≥ k.
Case 2: D(Hi) ≥ 6. If for every x ∈ Vi there exist at least k elements in Si which are not
adjacent to x, then the result holds. Hence, given z ∈ Vi, we define Ri(z) = (Vi −NHi(z)) ∩ Si.
Suppose that there exists x ∈ Vi such that 0 ≤ |Ri(x)| ≤ k − 1.
Now, let Fi(x) = Si − Ri(x). Since |Si| ≥ k, we have that Fi(x) 6= ∅. If Vi = Fi(x) ∪ {x},
then D(Hi) ≤ 2, which is a contradiction. Now, if for every y ∈ Vi − (Fi(x) ∪ {x}) there exists
z ∈ Fi(x) such that dHi(y, z) = 1, then D(Hi) ≤ 4, which is a contradiction. So, we assume
that there exists a vertex y ∈ Vi − (Fi(x) ∪ {x}) such that dHi(y, z) > 1, for every z ∈ Fi(x). If
Vi = Fi(x) ∪ {x, y}, then y ∼ x and, as a consequence, D(Hi) = 2, which is also a contradiction.
Hence, Vi − (Fi(x) ∪ {x, y}) 6= ∅.
Since NHi(y) ∩ Fi(x) = ∅ and |Ri(x)| < k, and also for any w ∈ Vi − (Fi(x) ∪ {x, y}) we
have that DG⊙H(y, w) = (NHi(y)▽NHi(w)) ∪ {y, w} and |DG⊙H(y, w) ∩ Si| ≥ k, we deduce that
NHi(w) ∩ Fi(x) 6= ∅, and this leads to D(Hi) ≤ 5, which is also a contradiction.
Therefore, if D(Hi) ≥ 6, then for every x ∈ Vi we have that |Ri(x)| ≥ k and, as a consequence,
for every x ∈ Vi there exist at least k vertices u ∈ Si such that d〈vi〉+Hi(u, x) = 2. Hence,
|Si ∩ D〈vi〉+Hi(x, vi)| ≥ k.
We have shown that Si is a k-metric generator for 〈vi〉+Hi and, as a consequence, dimk(〈vi〉+
Hi) ≤ |Si|. Now, by Lemma 24 (iii) we have that V (G) ∩ S = ∅ and, consequently, S =
⋃n
i=1 Si.
Therefore,
dimk(G⊙H) = |S| =
n∑
i=1
|Si| ≥
n∑
i=1
dimk(K1 +Hi).
Finally, by Theorem 32 and Lemma 33, the proof is completed.
By Theorems 32 and 35 we deduce the following result.
Proposition 36. Let H be a connected graph such that K1 +H is k
′-metric dimensional and let
k ∈ {1, ..., k′}. If D(H) ≥ 6 or H is a cycle graph of order greater than or equal seven, the vertex
of K1 does not belong to any k-metric basis of K1 +H.
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In order to present our next result we introduce a new definition. Given a family of n graphs
H, we denote by K1 ⋄ H the family of graphs formed by the graphs K1 + Hi for every Hi ∈ H,
i.e., K1 ⋄ H = {K1 +H1, K1 +H2, . . . , K1 +Hn}.
Proposition 37. Let G be a connected graph of order n ≥ 2, let H be a family of n connected
graphs, and let K1 +Hi be a ki-metric dimensional graph for every Hi ∈ H. If for every Hi ∈ H
holds that D(Hi) ≥ 6 or Hi is a cycle graph of order greater than or equal to seven, then for any
k ∈ {1, . . . , C(H)},
dimk(G⊙H) = dimk(G⊙H) = dimk (G⊙ (K1 ⋄ H)) .
Proof. Since for every Hi ∈ H, it follows D(K1+Hi) = 2, by Theorem 29, dimk (G⊙ (K1 ⋄ H)) =∑n
i=1 dimk(K1+Hi). Also, by Theorem 35, dimk(G⊙H) = dimk(G⊙H) =
∑n
i=1 dimk(K1+Hi).
So, the result follows.
Next we consider some special classes of graphs of the form K1 +H , the so called fan graphs
and wheel graphs.
3.2.1 The particular case of fan graphs and wheel graphs
In order to study the k-metric dimension of fan graphs, we will use the following notation. Let
V (Pn) = {u1, u2, ..., un} be the vertex set of the path Pn and let F1,n = 〈u〉+Pn. We assume that
ui ∼ ui+1 for each i ∈ {1, ..., n− 1}.
By Corollary 16 we know that the fan graphs F1,n, n ≥ 4, are 3-metric dimensional, so
dimk(F1,n) makes sense for k ∈ {1, 2, 3}. In this section we study the cases k = 2 and k = 3, since
the case k = 1 was previously studied in [9], that is:
dim1(F1,n) =


1, if n = 1,
2, if n = 2, 3,
3, if n = 6,⌊
2n+2
5
⌋
, otherwise.
We first present some useful lemmas.
Lemma 38. Let k ∈ {2, 3} and let n ≥ 6 be an integer. For any k-metric basis S of F1,n it holds
|S ∩ V (Pn)| ≥ 2k.
Proof. Notice that DF1,n(u1, u2) = {u1, u2, u3} and DF1,n(un−1, un) = {un−2, un−1, un}. Since S is
a k-metric basis of F1,n, we have |S ∩ DF1,n(u1, u2)| ≥ k and |S ∩ DF1,n(un−1, un)| ≥ k. As n ≥ 6,
it holds DF1,n(u1, u2) ∩ DF1,n(un−1, un) = ∅. Therefore, |S ∩ V (Pn)| ≥ 2k.
Lemma 39. Let H be a non-trivial graph, let K1 +H be a k
′-metric dimensional graph, and let
k ∈ {1, . . . , k′}. If for every k-metric basis S of K1 + H we have that |S ∩ V (H)| ≥ k + ∆(H),
then the vertex of K1 does not belong to any k-metric basis of K1 +H.
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Proof. Let v be the vertex of K1 and let S be a k-metric basis of K1 + H . We will show that
S ′ = S − {v} is a k-metric generator for K1 +H .
On one hand, for every x ∈ V (H) we have |S ′ ∩ DK1+H(x, v)| = |S
′ ∩ (V (H)− NH(x))| ≥ k,
as |S ′ ∩ V (H)| = |S ∩ V (H)| ≥ k +∆(H).
On the other hand, for any x, y ∈ V (H) we have |S ′ ∩DK1+H(x, y)| = |S ∩DK1+H(x, y)| ≥ k,
as v 6∈ DK1+H(x, y).
Therefore, S ′ is a k-metric generator for K1 +H and, by the minimality of S, the set S
′ is a
k metric basis of K1 +H .
By performing some simple calculations, we have observed that dim2(F1,2) = 3, dim2(F1,3) = 4,
dim2(F1,4) = dim2(F1,5) = 4 and dim3(F1,4) = dim3(F1,5) = 5. The remaining values of dimk(F1,n)
are obtained in our next proposition.
Proposition 40. For any integer n ≥ 6,
(i) dim2(F1,n) = ⌈(n+ 1)/2⌉.
(ii) dim3(F1,n) = n− ⌊(n− 4)/5⌋
Proof. (i) We shall prove that A = {ui ∈ V (Pn) : i ≡ 1 (2)} ∪ {un} is a 2-metric generator for
F1,n. Let x, y be two different vertices of F1,n = 〈u〉+ Pn.
If x = u, then dF1,n(x, ui) = 1 for every ui ∈ V (Pn). Since |A| ≥ 4 and there exist at most
two vertices uj, ul ∈ V (Pn) such that dF1,n(y, uj) = dF1,n(y, ul) = 1, we have |DF1,n(u, y) ∩ A| ≥ 2.
Let us now assume that x, y ∈ V (Pn). If x, y ∈ A, then they are distinguished by themselves
and, if x, y /∈ A, then there exist at least two vertices ui, uj ∈ A such that ui, uj ∈ N(x) ▽
N(y) ⊂ DF1,n(x, y). Finally, if x ∈ A and y /∈ A, then there exists a vertex ul ∈ A − {x} such
that ul ∈ N(y) − N(x). Therefore, A is a 2-metric generator for F1,n and, as a consequence,
dim2(F1,n) ≤ |A| = ⌈(n+ 1)/2⌉.
It remains to show that dim2(F1,n) ≥ ⌈(n + 1)/2⌉. With this aim, we take an arbitrary k-
metric basis A′ of F1,n. Since n ≥ 6, by Lemmas 38 and 39, u 6∈ A
′. Notice that DF1,n(u1, u2) =
{u1, u2, u3} and DF1,n(un−1, un) = {un−2, un−1, un}. Thus, |A
′ ∩ {u1, u2, u3}| ≥ 2 and |A
′ ∩
{un−2, un−1, un}| ≥ 2. So, for n = 6, then |A
′| ≥ 4 and we are done. From now on we consider
n ≥ 7. Let M(Pn) = V (Pn) − {u1, u2, u3, un−2, un−1, un}. Assume for purposes of contradiction
that |A′ ∩M(Pn)| ≤ ⌊(n− 6)/2⌋ − 1. We consider the following cases.
(1) n − 6 = 4p or n − 6 = 4p + 1 for some positive integer p. Let Qi = {u4i, u4i+1, u4i+2, u4i+3},
1 ≤ i ≤ p. Notice that every Qi ⊂ M(Pn). Since |A
′ ∩ M(Pn)| < ⌊(n− 6)/2⌋ = 2p,
there exists at least a set Qj = {u4j, u4j+1, u4j+2, u4j+3} such that |Qj ∩ A
′| ≤ 1. Since
DF1,n(u4j+1, u4j+2) = {u4j, u4j+1, u4j+2, u4j+3}, we deduce that u4j+1, u4j+2 are distinguished
by at most one vertex of A′, which is a contradiction.
(2) n − 6 = 4p + 2 for some positive integer p. As above, let Qi = {u4i, u4i+1, u4i+2, u4i+3},
1 ≤ i ≤ p. Notice thatM(Pn) = (
⋃p
i=1Qi)∪{u4(p+1), u4(p+1)+1}. If there exists at least one Qi
such that |Qi∩A
′| ≤ 1, then we have a contradiction as in the case above. Thus, |Qi∩A
′| ≥ 2
for all 1 ≤ i ≤ p and we have
2p = ⌊(n− 6)/2⌋ − 1 ≥ |A′ ∩M(Pn)| =
p∑
i=1
|Qi ∩ A
′|+ |A′ ∩ {u4(p+1), u4(p+1)+1}| ≥ 2p.
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As a consequence, it follows |Qj∩A
′| = 2 for every j ∈ {1, ..., p} and A′∩{u4(p+1), u4(p+1)+1} =
∅. Now, if u4p+2, u4p+3 ∈ A
′, then u4p, u4p+1 /∈ A
′. Thus, u4p+1, u4p+3 are distinguished only
by u4p+3, which is a contradiction. Conversely, if u4p+2 /∈ A
′ or u4p+3 /∈ A
′, then |A′ ∩
{u4p+2, u4p+3, u4(p+1), u4(p+1)+1| ≤ 1 and, like in the previous case, we obtain that u4p+3, u4(p+1)
are distinguished by at most one vertex, which is also a contradiction.
(3) If n − 6 = 4p + 3, then we obtain a contradiction by proceeding analogously to Case 2
(n− 6 = 4p+ 2).
Thus, |A′ ∩M(Pn)| ≥ ⌊(n− 6)/2⌋ and we obtain that dim2(F1,n) = |A
′| = |A′ ∩M(Pn)| +
|A′∩DF1,n(u1, u2)|+ |A
′∩DF1,n(un−1, un)| ≥ ⌊(n− 6)/2⌋+4 = ⌈(n + 1)/2⌉. Therefore, (i) follows.
(ii) Let S = V (Pn)−{ui ∈ V (Pn) : i ≡ 0 (5) ∧ 1 ≤ i ≤ n−4}. Notice that |S| = n−⌊(n− 4)/5⌋.
We claim that S is a 3-metric generator for F1,n. Let x, y be two different vertices of F1,n.
If x = u, then dF1,n(x, ui) = 1 for every ui ∈ V (Pn). Also, there exist at most two vertices
uj, ul ∈ V (Pn) such that dF1,n(y, uj) = dF1,n(y, ul) = 1. Since |S| ≥ 6 the vertices x, y are
distinguished by at least three vertices of S.
Now suppose x, y ∈ V (Pn). According to the construction of S, there exist at least three
different vertices ui1 , ui2, ui3 ∈ S such that dF1,n(x, uij ) 6= dF1,n(y, uij), with j ∈ {1, 2, 3}. (Notice
that x or y could be equal to some uij , j ∈ {1, 2, 3})
Thus, S is a 3-metric generator for F1,n and, as a result, dim3(F1,n) ≤ |S| = n− ⌊(n− 4)/5⌋.
It remains to show that dim3(F1,n) ≥ n − ⌊(n− 4)/5⌋. Now, let S
′ be a 3-metric basis of
F1,n. Since n ≥ 6, by Lemmas 38 and 39, u 6∈ S
′. Also, notice that two adjacent vertices ui, ui+1
are distinguished by themselves and at least one neighbor ui−1 or ui+2. So, at least three of
them belong to S ′. Now, if there exist three consecutive vertices ui−1, ui, ui+1 ∈ S
′ such that
ui−2, ui+2 /∈ S
′, then the vertices ui−1, ui+1 are not distinguished by at least three vertices of S
′,
which is a contradiction. Thus, if two vertices ui, uj /∈ S
′, then i−j ≡ 0 (5) and, as a consequence,
per each five consecutive vertices of V (Pn), at least four of them are in S
′, or equivalently, at
most one does not belong to S ′. Moreover, notice that DF1,n(u1, u2) = {u1, u2, u3}, DF1,n(u1, u3) =
{u1, u3, u4}, DF1,n(un−1, un) = {un−2, un−1, un} and DF1,n(un−2, un) = {un−3, un−2, un}. By Lemma
20, {u1, u2, u3, u4, un−3, un−2, un−1, un} ⊂ S
′. Hence, |S ′| ≤ ⌊(n− 4)/5⌋ + 1, where we refer to S ′
as the complement of the set S ′. Finally, we have that dim3(F1,n) = |S
′| = n + 1 − |S ′| ≥
n− ⌊(n− 4)/5⌋. Therefore, dim3(F1,n) = n− ⌊(n− 4)/5⌋.
The next result shows the relationship between dimk(G⊙H) and dimk(G ⊙ (K1 ⋄ H)) for a
family H of paths of order greater than five and k ∈ {1, 2, 3}. We only consider k ∈ {1, 2, 3}, since
for n′ ≥ 6 we have that C(Pn′) = C(F1,n′) = 3, and as a consequence, by Theorem 5, G ⊙H and
G⊙ (K1 ⋄ H) are 3-metric dimensional.
Proposition 41. Let G be a connected graph of order n ≥ 2 and let H be a family of paths. If
every path Pi ∈ H has order ni, then the following statements hold.
(i) If ni ≥ 7 for i ∈ {1, . . . , n}, then dim(G ⊙ H) = dim(G ⊙ H) = dim(G ⊙ (K1 ⋄ H)) =∑n
i=1 ⌊(2ni + 2)/5⌋.
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(ii) If ni ≥ 6 for i ∈ {1, . . . , n}, then dim2(G ⊙ H) = dim2(G ⊙ H) = dim2(G ⊙ (K1 ⋄ H)) =∑n
i=1 ⌈(ni + 1)/2⌉.
(iii) If ni ≥ 6 for i ∈ {1, . . . , n}, then dim3(G ⊙ H) = dim3(G ⊙ H) = dim3(G ⊙ (K1 ⋄ H)) =∑n
i=1 (ni − ⌊(ni − 4)/5⌋).
Proof. If ni ≥ 7, then by Theorem 29 and Propositions 37 and 40 the result follows. Hence, we only
need to prove that dimk(G⊙H) = dimk(G⊙ (K1 ⋄H)) for the cases where ni = 6 and k ∈ {2, 3}.
We recall that, by Lemma 38, for k ∈ {2, 3}, n′ ≥ 6 and any k-metric basis S of F1,n′, it holds
|S∩V (Pn′)| ≥ 2k. Since for k ∈ {2, 3}, we have that |S| ≥ k+2. Thus, by a procedure analogous to
the one used in the proof of Theorem 35, Case 1, we deduce that dimk(G⊙H) =
∑n
i=1 dimk(F1,ni).
Since F1,ni has diameter two, by Theorem 29, dimk(G⊙ (K1 ⋄H)) =
∑n
i=1 dimk(F1,ni). Therefore,
by Proposition 40 the result follows.
Let V (Cn) = {u0, u2, ..., un−1} be the vertex set of the cycle Cn in W1,n = K1 + Cn and let u
be the central vertex of the wheel graph. From now on, all the operations with the subscripts of
ui ∈ V (Cn) will be taken modulo n.
Since W1,3 and W1,4 have twin vertices, they are 2-metric dimensional graphs. Also, by
Corollary 16 we know that the wheel graphsW1,n, n ≥ 5, are 4-metric dimensional, i.e, dimk(W1,n)
makes sense for k ∈ {1, 2, 3, 4}. The case k = 1 was previously studied in [1], that is:
dim1(W1,n) =


3, if n = 3, 6,
2, if n = 4, 5,⌊
2n+2
5
⌋
, otherwise.
We now study dimk(W1,n) for k ∈ {2, 3, 4}. We first give a useful lemma.
Lemma 42. Let H be a non-trivial graph and let K1 + H be a k
′-metric dimensional graph.
Let k ∈ {1, . . . , k′} and S ⊆ V (H). If for every x, y ∈ V (H), |S ∩ DK1+H(x, y)| ≥ k and
|S| ≥ k +∆(H), then S is a k-metric generator for K1 +H.
Proof. Let v be the vertex of K1. Since for every x, y ∈ V (H) we have that |S∩DK1+H(x, y)| ≥ k,
in order to prove that S is a k-metric generator for K1 +H , it is enough proving that for every
x ∈ V (H) the condition |DK1+H(x, v)∩S| ≥ k is satisfied. Notice that for every x ∈ V (H) we have
that DK1+H(x, v) = (V (H)−NH(x))∪{v}. Since |S| ≥ k+∆(H), for every x ∈ V (H) there exist
k vertices y ∈ S∩ (V (H)−NH(x)). Thus, for every x ∈ V (H) it holds that |DK1+H(x, v)∩S| ≥ k.
Therefore, S is a k-metric generator for K1 +H .
By performing some simple calculations, we have that dim2(W1,3) = dim2(W1,4) = dim2(W1,5) =
dim2(W1,6) = 4, dim3(W1,5) = dim3(W1,6) = 5 and dim4(W1,5) = dim4(W1,6) = 6. Next we present
a formula for the k-metric dimension of wheel graphs for n ≥ 7 and k ∈ {2, 3, 4}.
Proposition 43. For any n ≥ 7,
(i) dim2(W1,n) = ⌈n/2⌉.
(ii) dim3(W1,n) = n− ⌊n/5⌋.
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(iii) dim4(W1,n) = n.
Proof. Since n ≥ 7, by Proposition 36, the central vertex of W1,n does not belong to any k-metric
basis ofW1,n. Thus, any k-metric basis ofW1,n is a subset of V (Cn). Let Sk ⊂ V (Cn), k ∈ {2, 3, 4},
be a set of vertices of W1,n such that |S2| < ⌈n/2⌉, |S3| < n− ⌊n/5⌋ and |S4| < n. We claim that
Sk is not a k-metric generator for W1,n with k ∈ {2, 3, 4}. Consider each Sk independently:
k = 2. Since |S2| < ⌈n/2⌉, there exist four consecutive vertices ui, ui+1, ui+2, ui+3 such that
at most one of them belongs to S2. Thus, |DW1,n(ui+1, ui+2) ∩ S2| ≤ 1.
k = 3. Since |S3| < n − ⌊n/5⌋, there exist five consecutive vertices ui, ui+1, ui+2, ui+3, ui+4
such that at most three of them belong to S3. Thus, there exist four consecutive vertices
uj, uj+1, uj+2, uj+3 ∈ {ui, ui+1, ui+2, ui+3, ui+4} such that at most two of them belong to S3, with
the exception of two cases. Hence, |DW1,n(uj+1, uj+2) ∩ S3| ≤ 2. The two exceptional cases are
when either ui+1, ui+2, ui+3 ∈ S3 or ui, ui+2, ui+4 ∈ S3. In both cases, |DW1,n(ui+1, ui+3) ∩ S3| = 2.
k = 4. Since |S4| < n, there exist four consecutive vertices ui, ui+1, ui+2, ui+3 such that at most
three of them belong to S4. Thus, |DW1,n(ui+1, ui+2) ∩ S4| ≤ 3.
Therefore, as we claimed, Sk is not a k-metric generator for W1,n, with k ∈ {2, 3, 4} and so
dim2(W1,n) ≥ ⌈n/2⌉, dim3(W1,n) ≥ n− ⌊n/5⌋ and dim4(W1,n) ≥ n.
Since n ≥ 7, by Proposition 36, the central vertex of W1,n does not belong to any k-metric
basis of W1,n. Thus, V (Cn) is a 4-metric generator for W1,n and, as a result, dim4(W1,n) = n.
It remains to show that dim2(W1,n) ≤ ⌈n/2⌉ and dim3(W1,n) ≤ n − ⌊n/5⌋. With this aim, let
Ak ⊂ V (Cn), k ∈ {2, 3}, be a set of vertices such that ui belongs to A2 or A3 if and only if i is
odd or i 6≡ 0 (5). Notice that |A2| = ⌈n/2⌉ and |A3| = n − ⌊n/5⌋. We will show that for every
ui, uj ∈ V (Cn), i 6= j, it hold |DW1,n(ui, uj) ∩ Ak| ≥ k and then, by Lemmas 34 and 42, we will
have that Ak is a k-metric generator for W1,n. Consider each Ak separately:
k = 2. If ui, uj ∈ A2, then the result is straightforward. If ui ∈ A2 and uj 6∈ A2, then
{ui, uk} ⊆ A2 ∩ DW1,n(ui, uj), for some uk ∈ N(uj) − N [ui]. Also, if ui, uj 6∈ A2, then {uk, ul} ⊆
A2 ∩ DW1,n(ui, uj), where uk, ul ∈ N(ui)▽N(uj).
k = 3. If ui, uj ∈ A3, then {ui, uj, uk} ⊆ A3 ∩ DW1,n(ui, uj), where uk ∈ A3 ∩ (N [ui]▽N [uj ]).
If ui ∈ A3 and uj 6∈ A3, then {ui, uk, ul} ⊆ A3 ∩ DW1,n(ui, uj), where uk, ul ∈ A3 ∩ (N [uj]▽N [ui]).
Finally, if ui, uj 6∈ A3, then {uk, ul, um} ⊆ A3 ∩ DW1,n(ui, uj), where uk, ul, um ∈ N(ui) ∪N(uj).
Therefore, Ak is a k-metric generator for W1,n, with k ∈ {2, 3} and, as a consequence, the
result follows.
Finally, we present the relationship between dimk(G⊙H) and dimk(G⊙(K1⋄H)) for a family
H of cycles of order greater than six and k ∈ {1, 2, 3, 4}. We only consider k ∈ {1, 2, 3, 4}, since
for n′ ≥ 7 we have that C(Cn′) = C(W1,n′) = 4, and as a consequence, by Corollary 6, G⊙H and
G ⊙ (K1 ⋄ H) are 4-metric dimensional. Thus, by Theorem 29 and Propositions 37 and 43, we
obtain the following result.
19
Proposition 44. Let G be a connected graph of order n ≥ 2 and let H be a family of n cycles. If
every cycle Ci ∈ H has order ni ≥ 7, then
(i) dim(G⊙H) = dim(G⊙H) = dim(G⊙ (K1 ⋄ H)) =
∑n
i=1 ⌊(2ni + 2)/5⌋.
(ii) dim2(G⊙H) = dim2(G⊙H) = dim2(G⊙ (K1 ⋄ H)) =
∑n
i=1 ⌈ni/2⌉.
(iii) dim3(G⊙H) = dim3(G⊙H) = dim3(G⊙ (K1 ⋄ H)) =
∑n
i=1 (ni − ⌊ni/5⌋).
(iv) dim4(G⊙H) = dim4(G⊙H) = dim4(G⊙ (K1 ⋄ H)) =
∑n
i=1 ni.
References
[1] P. S. Buczkowski, G. Chartrand, C. Poisson, P. Zhang, On k-dimensional graphs and their
bases, Periodica Mathematica Hungarica 46 (1) (2003) 9–15.
URL http://dx.doi.org/10.1023/A%3A1025745406160
[2] J. Ca´ceres, C. Hernando, M. Mora, I. M. Pelayo, M. L. Puertas, C. Seara, D. R. Wood, On
the metric dimension of cartesian product of graphs, SIAM Journal on Discrete Mathematics
21 (2) (2007) 423–441.
URL http://epubs.siam.org/doi/abs/10.1137/050641867
[3] G. Chartrand, L. Eroh, M. A. Johnson, O. R. Oellermann, Resolvability in graphs and the
metric dimension of a graph, Discrete Applied Mathematics 105 (1-3) (2000) 99–113.
URL http://dx.doi.org/10.1016/S0166-218X(00)00198-0
[4] A. Estrada-Moreno, J. A. Rodr´ıguez-Vela´zquez, I. G. Yero, The k-metric dimension of a
graph, arXiv:1312.6840 [math.CO].
URL http://arxiv.org/pdf/1312.6840v1.pdf
[5] A. Estrada-Moreno, I. G. Yero, J. A. Rodr´ıguez-Vela´zquez, The k-metric dimension of corona
product graphs II, In progress.
[6] R. Frucht, F. Harary, On the corona of two graphs, Aequationes Mathematicae 4 (3) (1970)
322–325.
URL http://dx.doi.org/10.1007/BF01844162
[7] F. Harary, R. A. Melter, On the metric dimension of a graph, Ars Combinatoria 2 (1976)
191–195.
URL http://www.ams.org/mathscinet-getitem?mr=0457289
[8] T. W. Haynes, M. A. Henning, J. Howard, Locating and total dominating sets in trees,
Discrete Applied Mathematics 154 (8) (2006) 1293–1300.
URL http://www.sciencedirect.com/science/article/pii/S0166218X06000035
20
[9] C. Hernando, M. Mora, I. M. Pelayo, C. Seara, J. Ca´ceres, M. L. Puertas, On the metric
dimension of some families of graphs, Electronic Notes in Discrete Mathematics 22 (2005)
129–133, 7th International Colloquium on Graph Theory.
URL http://www.sciencedirect.com/science/article/pii/S1571065305051929
[10] M. Jannesari, B. Omoomi, The metric dimension of the lexicographic product of graphs,
Discrete Mathematics 312 (22) (2012) 3349–3356.
URL http://www.sciencedirect.com/science/article/pii/S0012365X12003317
[11] M. Johnson, Structure-activity maps for visualizing the graph variables arising in drug design,
Journal of Biopharmaceutical Statistics 3 (2) (1993) 203–236, pMID: 8220404.
URL http://www.tandfonline.com/doi/abs/10.1080/10543409308835060
[12] M. A. Johnson, Browsable structure-activity datasets, in: R. Carbo´-Dorca, P. Mezey (eds.),
Advances in Molecular Similarity, chap. 8, JAI Press Inc, Stamford, Connecticut, 1998, pp.
153–170.
URL http://books.google.es/books?id=1vvMsHXd2AsC
[13] S. Khuller, B. Raghavachari, A. Rosenfeld, Landmarks in graphs, Discrete Applied Mathe-
matics 70 (3) (1996) 217–229.
URL http://www.sciencedirect.com/science/article/pii/0166218X95001062
[14] F. Okamoto, B. Phinezy, P. Zhang, The local metric dimension of a graph, Mathematica
Bohemica 135 (3) (2010) 239–255.
URL http://dml.cz/dmlcz/140702
[15] J. Peters-Fransen, O. R. Oellermann, The metric dimension of the cartesian product of graphs,
Utilitas Mathematica 69 (2006) 33–41.
[16] J. A. Rodr´ıguez-Vela´zquez, D. Kuziak, I. G. Yero, J. M. Sigarreta, The metric dimension of
strong product graphs, Carpathian Journal of Mathematics (2014) To appear.
[17] S. Saputro, R. Simanjuntak, S. Uttunggadewa, H. Assiyatun, E. Baskoro, A. Salman,
M. Bacˇa, The metric dimension of the lexicographic product of graphs, Discrete Mathe-
matics 313 (9) (2013) 1045–1051.
URL http://www.sciencedirect.com/science/article/pii/S0012365X13000496
[18] P. J. Slater, Leaves of trees, Congressus Numerantium 14 (1975) 549–559.
[19] P. J. Slater, Dominating and reference sets in a graph, Journal of Mathematical and Physical
Sciences 22 (4) (1988) 445–455.
URL http://www.ams.org/mathscinet-getitem?mr=0966610
[20] I. G. Yero, A. Estrada-Moreno, J. A. Rodr´ıguez-Vela´zquez, The k-metric dimension of a
graph: Complexity and algorithms, arXiv:1401.0342 [math.CO].
URL http://arxiv.org/pdf/1401.0342v1.pdf
21
[21] I. G. Yero, D. Kuziak, J. A. Rodr´ıquez-Vela´zquez, On the metric dimension of corona product
graphs, Computers & Mathematics with Applications 61 (9) (2011) 2793–2798.
URL http://www.sciencedirect.com/science/article/pii/S0898122111002094
[22] I. G. Yero, J. A. Rodr´ıguez-Vela´zquez, D. Kuziak, Closed formulae for the metric dimension
of rooted product graphs, arXiv:1309.0641 [math.CO].
URL http://arxiv.org/abs/1309.0641
22
